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Abstract 

We construct the integral equations by taking the thermodynamic limit of both 
the all-loop gauge Bethe ansatz equation and the string Bethe ansatz equation for the 
highest states in the and su(2) sectors of the M = 4 super Yang-Mills the- 

ory. Using the Fourier transformation we solve the integral equations iteratively to 
obtain the anomalous dimensions of the highest states in the weak coupling expansion. 
In the sit(l|l) sector we analytically study the strong coupling limit of the anoma- 
lous dimension for the all-loop gauge Bethe ansatz equation by means of the Laplace 
transformation. 
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1 Introduction 



The AdS/CFT correspondence PQ has been deeply revealed by comparing the anomalous 
dimensions of certain single trace operators in the planar limit of the M = 4 super Yang- 
Mills (SYM) theory and the energies of certain string states in the type IIB string theory 
on AdS$ x S 5 0, El H] . In particular, integrability has made its appearance in both theories 
and has shed light on the AdS/CFT correspondence. 

The spectrum of anomalous dimension for a local composite operator in the M = 4 
SYM theory has been computed by the Bethe ansatz [5] for diagonalization of the dilatation 
operator [SI Ej that is represented by a Hamiltonian of an integrable spin chain with length 
L. Further, the asymptotic all-loop gauge Bethe ansatz (GBA) equations for the integrable 
long-range spin chains have been proposed in the su(2), sm(1|1) and s/(2) sectors [El El [TO] . 

The integrability for the classical AdS$ x S 5 string sigma model has been investigated 
by verifying the equivalence between the classical string Bethe equation for the string sigma 
model and the Bethe equation for the spin chain [111 [T2] . Combining the classical string 
Bethe ansatz and the asymptotic all-loop GBA, a set of discrete Bethe ansatz equations for 
the quantum string sigma model have been constructed [131 El HH] , where the integrable 
structure is assumed to be maintained at the quantum level and the quantum string Bethe 
ansatz (SBA) equations are obtained by modifying the GBA equations with the dressing 
factor. To fix the dressing factor the SBA equation has been studied by comparing its 
prediction with the quantum world-sheet correction to the spinning string solution [15J. An 
all-order perturbative expression for the dressing factor at strong coupling has been proposed 
[T6] such that it satisfies the crossing relation [T7] and matches with the known physical data 
at strong coupling [T8] . 

The spectrum of the highest state has been studied by analyzing the GBA equation in 
the thermodynamic limit L — > oo for the su(2) sector [Tj5] and the GBA and SBA equations 
for the su(l|l) sector [20]. The flow of the spectrum from weak to strong coupling has been 
numerically derived by solving the GBA and SBA equations for the su(2) and su(l|l) sectors 
in the large but finite L [21]. The strong coupling behavior of the su(2) spectrum has been 
investigated by using the Hubbard model which is regarded as the microscopic model behind 
the integrable structure of the M = 4 SYM dilatation operator [22J . The highest states for 
the su(2) and s«(l|l) sectors of the AdS 5 x S 5 superstring have been studied analytically in 
the framework of the light-cone Bethe ansatz equations [23J. 

For the sl{2) sector the large-spin anomalous dimension of twist-two operator has been 
computed by solving the GBA equation and the SBA equation in the thermodynamic limit 
by means of the Fourier transformation [21]. In the former integral equation which we call 
the ES equation, the anomalous dimension leads to the universal all-loop scaling function 
f(g) with the gauge coupling constant g satisfying the Kotikov-Lipatov transcendentality 
[25], whereas in the latter integral equation f(g) is modified at the three-loop order as 
compared to the ES equation and the transcendentality is not preserved. In the GBA 
equation with a weak-coupling dressing factor J2H] which is an analytic continuation of a 
crossing-symmetric strong-coupling dressing factor [TO], which is called the BES equation, 
the universal scaling function has been shown to be so modified at the four-loop order as to 
obey the Kotikov-Lipatov transcendentality and be consistent with the planar multi-gluon 
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amplitude of Af = 4 SYM theory at the four-loop order [27J . The strong coupling behavior 
of f(g) for the BES equation has been studied numerically by analyzing the equivalent 
set of linear algebraic equation to reproduce the asymptotic form predicted by the string 
theory [28] . By truncating the strong coupling expansion of the matrices entering the linear 
algebraic equation, the strong coupling limit of f(g) has been extracted analytically [22] • In 
ref. [30J the ES and BES equations have been analyzed by using the Laplace transformation 
where the analytic properties of the solutions at strong coupling are studied and the strong 
coupling limit of f(g) is estimated analytically by deriving a singular solution for the integral 
equation. 

Further for the su(2) and sectors the GBA equations with the weak-coupling 

dressing factor have been analyzed and the anomalous dimensions of the highest states have 
been presented in the weak coupling expansion [31], where the anomalous dimensions of a 
state built from a field strength operator and a certain one-loop so(6) singlet state also have 
been computed. The physical origin of the full weak-coupling dressing factor has been argued 
[32]. Without resorting to the Fourier transformation the strong coupling solutions for the 
SBA equations in the rapidity plane have been analytically derived for the highest states in 
the su(2) and su(l|l) sectors and the strong coupling limit of the universal scaling function 
f(g) in the s/(2) sector has been estimated from the BES equation by deriving the leading 
density of Bethe roots in the rapidity plane [33]. On the other hand the Fourier-transform 
of the SBA equation for the si (2) sector has been analyzed to study the strong coupling 
behavior of f(g) [3"4] . 

We will analyze the SBA equations for the highest states in the thermodynamic limit 
L — > oo for the su(l|l) and su(2) sectors. By solving these equations through the Fourier 
transformation we will derive the anomalous dimensions of the highest states in the weak 
coupling expansion. Specially the weak coupling spectrum for the sm(1|1) sector derived by 
computing the Fourier-transfomed density of Bethe roots will be compared with the result 
[21H |2"T] which was produced by analyzing the SBA equation in the large but finite L and 
computing the Bethe momenta. Applying the Laplace transformation prescription of ref. 
[30] to the GBA equation for the su(l|l) sector we will construct a singular solution for the 
integral equation at strong coupling to compute the strong coupling limit of the anomalous 
dimension analytically. 



2 Weak coupling spectrum of the highest state in the 
si/(l|l) sector 

We consider the highest state in the sw(l|l) sector which corresponds to the purely- fermionic 
operator tr(?/> L ) |20] , where ip is the highest-weight component of the Weyl spinor from the 



vector multiplet. The asymptotic all- loop GBA equation [10] for the highest state is given 
by 




TT 9 l^k x j 2 m 
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where uj. (k = 1, • • • , L) are rapidities of elementary excitations and 

u± 



x k = x (u k ) 



2g 2 \ i 

u ± = u k ±-. (2) 



The all-loop ansatz (JTJ is a generalization of a three-loop Bethe ansatz j9] and is obtained 
by deforming the spectral parameter u k into x^ in such a way as tt& ± i/2 = x^ + g 2 /2x k b , 
where the deformation parameter is the Yang-Mills coupling constant g. The asymptotic 
all- loop energy E(g) of the highest state is 

which gives its dimension A = 3L/2 + E(g). Taking the thermodynamic limit in the loga- 
rithm of (CQ) and differentiating in the rapidity u we have an integral equation for the density 
of Bethe roots p{u) 



1 1 1 \ . , i too d , (I - g 2 /2x + (u)x-(v)\ 2 

- i i = -2irp(u) - - / dvpiv) — log 

* VV^- 2 ^ 2 v^- " 2 ^ 2 / °° du V-9 2 /^-{n)x+{v)) 

(4) 

where u± = u ± i/2 and in the second term the density is integrated against the kernel 

N .9, (I- g 2 /2x + {u)x-{v)\ 2 

In this continuum limit the energy shift -E(g) (G2) is also expressed as an integral representa- 
tion 

m^jy up{u) (^--±^. (6 ) 

Following the Fourier transformation procedure in ref. [21], we solve the integral equation 
to obtain E(g). The Fourier transform of the density p(u) is defined by 

p(t) = e- m / due- itu p{u). (7) 

J — oo 

We are interested in the symmetric density p(—u) = p{u) so that p(t) is also symmetric 
p(—t) = p(t). Therefore the kernel K m (u,v) in (Tj0) can be symmetrized under the exchange 
v <-> — u 

/ l-^ 2 /2x+(n)^H \ 2 i / (l-^/2a;+Hx-(t;))(l+W2a: + Hx + (^)) \ 2 
^ og y x _ g 2/ 2x - (u) x +(u) ) ^ 2 u ° g V(l - ^ 2 /2o;-(m)x+(i;))(1 + ^/2x-(m)x-(v)) J ' 

(8) 

which is further described by 



/OO POO 
dte lut dt'e lvt \t\e- w+ltn/2 K^V2g\tlV2g\t'\), (9) 
-co J —oo 



whose K m is expressed in terms of the Bessel functions as 

x — x' 

We use the expression ((9]) to take the Fourier transformation as e - '*'/ 2 Jf^ due~ ltu x equation 
(@J and obtain 

p(t) = e H " (j {V2gt) - g 2 \t\ J™ dt'K m (^9\t\,V2gt r )p(t r )^ . (11) 

By solving this integral equation iteratively we derive the transformed density p(t) ex- 
panded in even powers of g as 

Pit) = e Ht| (l - |V + |*|) + f^(t 4 + 2(|t| 3 - t 2 + 8|f I)) 

^6 

(t 6 + 3(|t| 5 - 2t 4 + 26|t| 3 - QOt 2 + 348|t|)) 
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+ -^— (t 8 + 4(|t| 7 - 3t 6 + 54|t| 5 - 246t 4 + 2520|t| 3 - 7200t 2 + 372961*1)) + ■■■). (12) 
9216 / 

In deriving this solution we have used the following expansion 

K m (V2g\t\, V2gt') = I ( 1 - ^ (t 2 - + t' 2 ) + - 2|t| Y + At 2 t' 2 - 2|t|t' 3 + t' 4 ) 

2 V 4 48 

a 6 



■(t b - 3|t|Y + 9tY 2 - 9|t|Y 3 + 9tY 4 - 3\t\t fb + t ,b ) + ■■■). (13) 
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The energy shift E(g) ([6]) can be expressed in terms of the transformed density through 
as 

E (9) A 2 r^uMVtfft) 



L 

The substitution of the weak coupling solution (fT2l into ffT4l yields the anomalous dimension 
of the highest state 

E (9) o 2 , 4 29 6 259 8 1307 10 

-p = 2g 2 - 4<? 4 + — g 6 - —g 8 + —g 10 + ■■■, (15) 

which reproduces the result of [20j [21] . In ref . [20] the most naive approximation to an exact 
expression for the dimension was guessed in a square-root form as 



-r = 1 + 2V 1 + ^ 

3 32A 3 320A 4 

2 + 4^2 ~ 16^ + I024vr 6 ~ 16384vr 8 + " ' ' ^ ^ 

which is compared with the following weak coupling expansion in A associated with the 
anomalous dimension ffT5l) 



Now we analyze the SBA equation for the highest state 

f-V = n l~^/f'V (^), (is) 

\ x kJ j^ k l -9 2 /2x k 4 
whose string dressing factor a(x)-,Xj) is defined by 

_ ( l-g^2xjx. \- 1 ( (1 - g 2 /2xjxj)(l - g^x^ Y^ 

a[Xk,Xj) \i-gVivt) V(i ~9 2 /H4) (1-^/2x^7) ) ■ [U) 

In the thermodynamic limit the SBA equation (1181) becomes an integral equation for the 
density p(u) 

1 / 1 1 \ 1 p 

-2np(u) — - / dvK m (u,v)p(v) 



* \ < U\ - 2g 2 ^u 2 _ -2g 2 ) 2 

r<x> 

dv(K s (u, v) - K m (u } v))p(v), (20) 
where the main kernel K m (u,v) is given by © and 

sl ' ' " l ' S [(l - gl/2x+(u)x+(v))(l - g'/2x-(u)x-(v))) ' 1 ' 

The last term of the r.h.s. of (I20p specifed by K s — K m appears as a contribution from the 
dressing factor, which is compared with (Tj0). 

In the same way as (1111) the Fourier transformation of ( 1201) leads to 

/oo 
dtX»(V20|t|, V2g\t'\)p(t') 
-oo 

/•OO /-oo 

- e H ' l/2 / due~ itu dvK s (u,v)p(v). (22) 



Using the t> <->• — 1> symmetrized form of K s (u,v) we make the third term on the r.h.s. of 
(1221) rewritten by [2] 



- 2V|t|e-l*l / dt' (K m (V2g\t\, V2g\t'\) + V2gK(V2g\t\, V2g\t'\)) p(t'), (23) 

J —oo x 7 

where 

~, _ x(J 2 (x)J {x') - Jo{x)J 2 (x')) 

1\{X,X ) — ^ 2 _ . 

Thus we obtain an integral equation for the transformed density 

(roc 
J (V2gt) - g 2 \t\ j dt'K m (V2g\t\,V2gt')p(t') 

- 2g 2 \t\j o dt'V2gk(V2g\tlV2gt')p(t')J. (25) 
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Comparing (l2"oT) with (I2"U1) and (ITT]) we see that the last term in (I2"5"j) specified by \plgK is 
attributed to the dressing factor so that \[2gK is called a dressing kernel. 

In order to solve ( 1251) by taking the weak coupling expansion we first split the transformed 
density p{t) into a main part po(t) and a correction part Spit) as p{t) = po(t) + Spit), where 
Po(t) satisfies the GBA equation f|TT|) . Therefore we have the following integral equation for 
Sp{t) 

/ poo 

Spit) = -2g 2 \t\e-W(j dt'V2gK(V2g\t\,V2gt')p (t') 

+ -J dt'K m {V2g\t\, V2gt')5poit') + J o dt'V2gK{V2g\t\, V2gt')6p {t')j,{26) 

where the first term on the r.h.s. is regarded as an inhomogenous one with po(t') already 
known as (|T2l) . Using the expansion ( fT3l) for K m (x,x') and the following weak coupling 
expansion for Kix,x') with x = v2g\t\,x' = \[2gt! 

kix, x') = ^1 - 9 j it 2 + t' 2 ) + ^(t* + 3t 2 t' 2 + t' 4 ) + • • (27) 

we determine Spit) iteratively 

Spit) = e-l*l(-^ 2 + ^(t 4 + llt 2 + 6|t|) 

- -^-(t 6 + 30t 4 + 24|t| 3 + 384t 2 + 704|t|) + •••). (28) 
192 / 

Combining them we obtain the anomalous dimension Eig)/L = Eoig)/L + SEig)/L where 
the main part E$ig)/L is given by ( 1T51) and the correction part SEig)/L is evaluated as 

^ = _ v + | s ._f,» + .., (29) 

whose expansion starts from the three-loop order. The summation of ( |T5i) and f l29l) yields 
the dimension of the highest state 

A 3 n 2 „ 4 25 fi 601 „ 2849 10 

L= 2 + 29 2 -^ + Y 9 ~12 9 + ^2 9 + -"-' (30) 

which recovers the result of [201 EJJ . Thus we have solved the SBA equation in the ther- 
modynamic limit L — > oo to derive the Fourier-transformed density iteratively, whereas in 
[2"IH [2T] the Bethe momenta of excitations in a finite fixed L were iteratively derived. 

In [2S] the universal scaling function fig) in the sZ(2) sector was obtained from the 
all-loop GBA equation with a weak-coupling dressing factor and fig) was shown to satisfy 
the Kotikov-Lipatov transcendentality. Since the dressing factor is universal for the three 
rank-one sectors, we use it for the sw(l|l) sector. In the sl(2) sector, if we compare the 
integral SBA equation for the transformed density in [21] with the integral GBA equation 
accompanied with the weak-coupling dressing factor in [2"6l . we note that the dressing kernel 
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\/2gK(x,x') for the former case corresponds to the dressing kernel 2K c (x,x') for the latter 
case, where K c (x,x r ) is given by 

poo +" 

K c (x,x') = 2g 2 dVKxix^gt")- -K (V2gt" , x') 7 

Jo e l — 1 

xJi(x)Jq(x') — x' Jq(x) Ji(x') 



K (x,:r') 



x'Ji(x)Jo(x')-xJq{x)Ji(x') 
Ki{x,x) = x2 _ x/2 • (31) 

Therefore by replacing y/2gK(x,x') in (|25[) with 2K c (x,x') we obtain an integral equation 
for the transformed density in the sw(l|l) sector 

p{t) = e-W(j {V2gt)-g 2 \t\J o dt'K m {V2g\t\,V2gt')p{t') 

- 2g 2 \t\ J™ dt'2K c (V2g\t\, V2gt')p(t')\ . (32) 

Recently this integral equation has been presented and iteratively solved in ref. [3T] . where 
the energy modification owing to the weak-coupling dressing factor starts from the four-loop 
order. 



3 Weak coupling spectrum of the highest state in the 
su(2) sector 

We turn to the highest state in the su(2) sector which is described by the antiferromag- 
netic operator tr(Z i//2 $ L/ ' 2 ) + • ■ ■ where Z and $ are charged scalar fields in the J\f = 4 
supermultiplet. The asymptotic all-loop GBA equation for the highest state is 

( x *\ = TT X ^ — — 1 - g2 / 2x k x j (33) 



whose thermodynamic limit leads to 

1 t 1 1 \ _ o r Pi") 



% \ Ju\ - 2g 2 Jul -2g 2 ) ~ ' -1-°° (u - v) 2 + 1 



2np(u)-2 r dv P[V) (34) 
J-oo (u — vr + 1 



The Fourier transformation solves the integral equation ( 1341) to give an exact expression of 
the transformed density 

J (y/2gt) 

P® = e |«l + i ' (35) 
which yields the dimension of the highest state A = L + E(g) in a closed form 



L "Jo y/2gt e*+l 
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We use the following representation of the Riemann zeta function 



1 poo +n 

C '" + 1 ) = (T3F^I dt —i < 37 > 



to expand ( 1361) in g 



2 



^ = 21og2/-^(% 4 + yC(% 6 

whereas the closed expression ( !36l) can yield E(g)/L = x/X/vr 2 in the strong coupling limit. 
Let us consider the SBA equation for the highest state 

= TT X * ~ x i + 1 ~ 92 / 2x *_ Xj g 2 (x K , Xj ), (39) 
\x k J x k — Xj 1 — g 2 /2x k Xj 

where the string dressing factor cr(xk, Xj) is given by ffT9"j) . The thermodynamic limit of 
yields an integral equation for the density 



/oo 
-oo ( 



? \\lu\-2g 2 Jul -2g 2 J '" J-°° ( u ~ v Y + 1 

df(K s (w, t») - K m (u, v))p(v), (40) 



where the kernels K m (u,v) and K s (u,v) are given by (JSJ) and f[2T]) respectively. The Fourier 
transformation of (I40p through (I2"3"j) gives an integral equation for the transformed density 

(l + e-l*l)p(t) = e-W (j (V2#) - 2g 2 \t\ j™ dt'V2gK(V2g\t\, V2gt')p(t'^j , (41) 

whose last term is the same as the last one in (|25|) for the sm(1|1) sector. By using the 
expansion (1271) of K(x, x') the transformed density is iteratively solved as p{t) = p (t)+Sp(t) 
where the main part po(t) is given by ( |35|) and the correction part Sp(t) has the following 
weak coupling expansion 



W) = r -^ lo g2t 2 + ^(log2t 4 + 6C(3)t 2 ) 



1 f ^ 1 O +2 , / 

ui log 2 r H , 

el*l + 1 V 2 & 12 

- |1(2 log 2 t 6 + 33C(3)t 4 + 675C(5)t 2 - 1441og2C(3)t 2 ) + ••■). (42) 

The substitution of (J35l) and (112"]) into ( TT4"I) leads to a separation E(g)/L = E (g) / L+5E(g) / L 
where the main part E (g)/L takes the expression ( 1381) and the correction part 6E(g)/L is 
estimated as 



2 log2C(3)^ + ^ log2C(5) + -C(3) 2 j g» 

( w log2C(7) + ^ C(5)C(3) - 1 log2C(3)2 ) ^ 10 + • ■ ■ • ( 43 ) 
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Thus it is noted that the weak coupling expansion of the energy correction induced by the 
string dressing factor starts from the three- loop order in the same way as (1291) . 

Now for a(xk,Xj) in (1391) we use the weak-coupling dressing factor of the BES equation 
in ref. [26]. From the expression (l4"Ii) we replace the dressing kernel y/2gK(x, x') by the 
dressing kernel 2K c (x,x') to obtain 



)p(t) = e-l*" (j (V2gt) - 2g 2 \t\ J™ dt'2K c (V2g\t\, >/2<#')p(0) , (44) 



(l + e-l'l 

whose last term is the same as the last one in f[3"2"l) . Recently this integral equation has 
been derived and solved in ref. [31], where the energy correction also starts from the four- 
loop order and a kind of transcendentality is observed if a degree of transcendentality is 
assigned to both the "bosonic" ^-function ( |37|) and the "fermionic" (^-function defined by 
( a ( n + 1) = (1 — 2~ n )£(n + 1). On the other hand, the summation of (1551) and (1431) expressed 
in terms of Ca(l) — l°g2 leads to the following dimension of the highest state 

| = 5+2ai)/-jC(% J +(fc(5)-5«i)c(3)) 9 « 

/112455 >/M 6615 >/1X>/ „ X 945 ^ , 9 _ „ s w „ 2 \ 10 



+ l^T2^ C(9) ~ T2¥ Ca(1)C(7) " if C(3)C(5) + |Ca(l)C(3)^ 9 W + ■ ■ ■ , 
which shows that the kind of transcendentality is not preserved for the SBA equation. 



4 Strong coupling solution for the GBA equation in 

the siifl 11) sector 



Here using the Laplace transformation prescription in ref. [30J we analyze the strong coupling 
behavior of all- loop GBA equation for the su(l|l) sector. The eq. (llip can be written in 
terms of p(t) = ef(x),t = ex,e = \j\[2g as 

ef(x) = e-* (j (x) - l - | o °° dx'K m (x, x')f(x')^j (46) 

for t > 0. The energy shift (|14l) is extracted by taking the following t — > limit 

m = - i]im ^)e>-Mx) (47) 

L tr+O t ^ ' 

We use the expansion K m (x, x') = 2^™ =1 nJ„(x)J n (x')/ra' and perform the Laplace trans- 
formation of (1461) through <p(j) = J °° dxe~ x i f (x) to have 



f + l^j-e) = 1-e ^0(/)E 

J —ico ZTl'l n=l 



VFTT + j 



LOO 



^ -v / FTT + j / 
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whose integration contour can be enclosed around the cut which is located to the right of 
it at the interval —i<j'<i. The anti-symmetrization of the integral kernel to extract the 
square-root singularity yields 



J —i Z7TI 

(49) 



VF+T + j-Vf^-j'J' 

This integral equation is further expressed in terms of the variable z = VJ 2 + 1 + j and the 
new function x( z ) = 0(j) as 

z 2 + 1 . . i e n dz' z' 2 + 1 . ,, / z' l/z' \ 

where the integration over z' is taken along a unit circle in the anti-clock direction from —i 
to i, and z e is defined by 

' Z 2 -l X 2 \ 1/2 Z 2 ~l 

+ 1 + — e. (51) 



2z v y 2z 

The transformation z = z(j) provides the conformal mapping from two sheets of the Riemann 
surface in the j-plane for 0(j) to one sheet in the z-plane for x{ z )- The eq. ( 150]) is rewritten 

z 2 + 1 e r dz' z' 2 + 1 x(z') 



2^ 2 Jl 2tti z' z — z' 

where the integration contour L is given by a unit circle in the anti-clock direction and 
z is defined by z Rez>0 = z, ZR ez<0 = — z -1 . Here we assume that x( z ') — x( z ') i n dS2J), 
that is, the symmetry of x(z') under the substitution z' — ► —l/z' which means an analytic 
continuation of the function <p(j') on the second sheet of the j'-plane with the substitution 
V 'j' 2 + 1 — ► —\fj' 2 + 1- Then we have 

z 2 + 1 e /■ dz' z' 2 + 1 x( z ') 



" 2, ^) = 1 " 2 7,2^^7^- (53) 
For the singular part of xi z ) inside the circle \z\ < 1 we obtain the following relation 

z 2 + 1 . , z 2 + 1 . . . . 

X{ z e)sing = 1 ~ e — X\ z )sing- (54) 



2z ' vv c/ *" ty 2z 

In the strong coupling limit e — ► the eq. ( JoTT) becomes z e = z — 2z 2 e/(l + z 2 ) + • ■ ■ which 
makes the relation (15411 transformed into a first-order differential equation 

2 dx{z)sing Z 2 + 1 1 

" e ^ + t—^X{ z )sin g = -• (55) 
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The particular solution for this inhomogeneous differential equation is obtained in the form 
of the expansion 

OO J 

x(*)ST = Ei (56) 

n=l Z 

where there is no regular term with n = and the coefficients are specified by d\ — 1/e, d 2 = 
— 1, d 3 = 2e — 1/e, • ■ -. The homogeneous differential equation for (1531) gives a solution 

oo 

x (z)*™ = CeK-i) ^J n (2e- 1 ), (57) 

n=— oo 

where C is an integral constant. The singular part of the solution x{ z ) hom is described by 

-1 oo / i \n 

X(z) h ™ = C £ J n (2e" 1 ) = C£ i-i- J n (2e- 1 ). (58) 

n=— oo n=l 



Therefore the general solution for the first-order differential equation (1551) is represented 

hom I ~V 7 \inhor 
sing ' A\* I sing 



by x(z)sm fl = x(^)^ + x{z)™nq m which is translated into 



#0) = £ £, (59) 

n=l •» 

where 

/»i = \ Q - CJ 1 (2e- 1 )) , h 2 = 1 (-1 + CJ 2 (2e- 1 )) , • • • . (60) 
The inverse Laplace transformtion leads back to 

too 



CJ,(2e- 1 )) + i (-1 + CJ 2 (2e" 1 )) - + •••. (61) 



= '{' .... ., 

2 Ve v 'J 4 

The integral constant C is fixed by the requirement that E(g)/L in (14 7p should take a finite 
value in the limit t — > 

C=- . * ■ (62) 
eJi(2e x ) 

The second term in (1611) yields the leading anomalous dimension 

A 1 J 2 (2e- 1 ) 



e Ji(2e 



(63) 



which is the contribution from the homogeneous differential equation and is approximately 
expressed in the strong coupling region as 

, A /2 3 \ 

hm — = tan I -tt I . (64) 



g-^oo i 2tt Ve 4 

The resulting expression where the g — > oo limit is taken after the L — > oo limit is 
compared with the estimation of ref. |21| . where the Bethe momenta were computed at 
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the fixed L and strong g region and then the strong anomalous dimension was evaluated 
numerically by choosing large L 

A r~ 

— = c L V\, c L -> 0.1405 as L -> oo. (65) 
lj 

Thus in the strong coupling limit we obtain the anomalous dimension which rapidly oscillates 
around the estimation of ref. [21J. This result for the GBA equation in the sw(l|l) sector 
resembles the strong coupling behavior of the universal scaling function f(g) for the GBA 
equation in the si (2) sector presented in ref. [30] where f(g) oscillates around the value 
predicted from the string theory. Further we note that the factor y/\/2n in (|64|) coincides 
with the strong coupling limit of the conjectured square- root formula ( fl6l) . 

5 Conclusion 

We have investigated the SBA equations for the highest states in the sw(l|l) and su{2) 
sectors by applying the Fourier transformation procedure in the rapidity plane and using 
the expression of the Fourier-transformed dressing kernel. We have computed the anomalous 
dimensions of the highest states iteratively from the Fourier-transformed SBA equations and 
presented the alternative derivation of the anomalous dimension in the su(l|l) sector which 
agrees with the result of [20l |2T] . The SBA equation in the thermodynamic limit L — ► oo 
has been treated and the Fourier-transformed density has been derived iteratively from the 
integral equation, while in [201 I2T] the SBA equation in the large but finite L has been 
analyzed and the Bethe momenta have been computed iteratively from the SBA equation in 
the momentum plane. 

In the same manner as the SBA equation for the universal scaling function in the sl(2) 
sector, we have demonstrated that for the SBA equation in the su(2) sector the contribution 
from the string dressing factor to the anomalous dimension starts from the three-loop order 
and there is a violation of the kind of transcendentality presented in ref. [31] for the GBA 
equation with the weak-coupling dressing factor. 

Following the Laplace transformation prescription we have analytically studied the strong 
coupling behavior of the GBA equation for the highest state in the su(l|l) sector. The 
Laplace-transformed GBA equation expressed as an integral equation has been changed into 
a first-order differential equation in the strong coupling limit. By constructing a singular 
solution for the differential equation and taking the particular t — > limit we have extracted 
the strong coupling behavior of the anomalous dimension and observed that it is mainly 
determined from the homogenous part of the differential equation. It has been shown that 
the analytically obtained dimension oscillates around the value evaluated numerically from 
the GBA equation in the momentum plane at large but finite L in ref. [21] and also the 
value estimated from the square-root formula in ref. [20] conjectured by the extrapolation 
of the weak-coupling expanded expression. 
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